A continuous simple closed curve in the plane is also called a Jordan curve, and it is the same as an injective map from the unit circle into the plane or, equivalently, a topological embedding S 1 R 2 . In its full generality Toeplitz's problem is still open. So far it has been solved affirmatively for curves that are "smooth enough" by various authors for varying smoothness conditions; see the next section. All of these proofs are based on the fact that smooth curves inscribe generically an odd number of squares, which can be measured in several topological ways. However, so far none of these methods can be made to work for the general continuous case.
One may think that the general case of the Square Peg Problem can be reduced to the case of smooth curves by approximating a given continuous curve γ by a sequence of smooth curves γ n : Any γ n inscribes a square Q n , and by compactness there is a converging subsequence (Q n k ) k whose limit is an inscribed square for the given curve γ. However, this limit square is possibly degenerate to a point, and so far there is no argument known that can deal with this problem. Suppose we could show that any smooth (or equivalently any piecewise linear) curve γ that contains in its interior a ball of radius r inscribes a square of side length at least √ 2r (or at least εr for some constant ε > 0). Then the approximation argument would imply that any continuous curve has the same property. However, it seems that we need more geometric than merely topological ideas to show the existence of large inscribed squares.
Other surveys are due to Klee In order to raise awareness, let me put 100 euros on each of the Conjectures 1, 8, and 13. That is, you may earn 300 euros in total.
I want to thank the referees for many very useful comments.
History of the Square Peg Problem
The Square Peg Problem first appeared in the literature in the conference report [39] in 1911. Toeplitz gave a talk whose second part had the title "On some problems in topology". The report on that second part is rather short: I will let the reader decide whether this is enough information on how all these parts fit together and who considered the Square Peg Problem first. It is usually attributed to Toeplitz. In 1929 Schnirelman proved the Square Peg Problem for a class of curves that is slightly larger than C
2 . An extended version [37] which also corrects some minor errors was published posthumously in 1944. Guggenheimer [12] states that the extended version still contains errors, which he claims to correct. However, in my point of view, Schnirelman's proof is correct except for some minor errors. His main idea is a bordism argument; below we give some details. Since the transversality machinery was not invented at this time, Schnirelman's proof contains many computations in explicit coordinates. Guggenheimer's main lemma, on the other hand, admits counterexamples; he was not aware that squares can vanish pairwise when one deforms the curve.
Other proofs are due to Hebbert [14] when γ is a quadrilateral, Zindler [43] and Christensen [3] for convex curves, Jerrard [16] for analytic curves, Nielsen-Wright [31] for curves that are symmetric across a line or about a point, Stromquist [38] for locally monotone curves, Vrećica-Živaljević [40] for Stromquist's class of curves, Pak [32] for piecewise linear curves, Sagols-Marín [35] , [36] for similar discretizations, Cantarella-Denne-McCleary [2] for curves with bounded total curvature without cusps and for C 1 -curves, Makeev [23] for star-shaped C 2 -curves that intersect every circle in at most 4 points (more generally he proved the Circular Quad Peg Problem 9 for such curves, see below), Matschke [26] for a technical open and dense class of curves and for continuous curves in certain bounded domains. In the next section we shall review some of these special cases in more detail.
Pettersson, Tverberg, and Östergård [33] have the latest result, which uses a computer: They showed that any Jordan curve in the 12 × 12 square grid inscribes a square whose size is at least 1/ √ 2 times the size of the largest axis-parallel square that fits into the interior of the curve.
Special Cases
Let us discuss some of the above-mentioned proofs in more detail.
Emch's Proof
Let γ : S 1 R 2 be the given piecewise analytic curve. Fixing a line τ, Emch considers all secants of γ that are parallel to τ and calls the set of all midpoints of these secants the set of medians M τ . Under some genericity assumptions he proves that for two orthogonal lines τ and τ ⊥ , M τ intersects M τ ⊥ in an odd number of points. Nowadays one could write this down homologically. These intersections correspond to inscribed rhombi, where the two intersecting secants are the two diagonals of the rhombus. Now he rotates τ continuously by 90 degrees and argues that M τ ∩ M τ ⊥ moves continuously, where at finitely many times two intersection points can merge and disappear or two new intersection points can appear. When τ is rotated by 90 degrees, the one-dimensional family of intersection points closes up to a possibly degenerate union of circle components.
Since 
Schnirelman's Proof
Schnirelman solved the Square Peg Problem for a slightly larger class than C 2 using an early bordism argument that yields a very conceptual proof. His idea was that the set of inscribed squares can be described as a preimage, for example, in the following way: Let γ : S 1 R 2 be the given curve. The space (S 1 ) 4 parameterizes quadrilaterals that are inscribed in γ. We construct a so-called test-map,
which sends a 4-tuple (x 1 , x 2 , x 3 , x 4 ) of points on the circle to the mutual distances between
linear subspace of R 6 that corresponds to the points where all four edges are of equal length and the two diagonals are of equal length. The preimage f −1 γ (V ) is parameterizing the set of inscribed squares, plus a few "degenerate components". The degenerated components consist of points where x 1 = x 2 = x 3 = x 4 -these are the degenerate squares-and more generally of 4-tuples where x 1 = x 3 and x 2 = x 4 . Now Schnirelman argues as follows: An ellipse inscribes exactly one square up to symmetry. Now deform the ellipse (via some smooth isotopy) into the given curve along other curves γ t , t ∈ [0, 1]. By smoothness these inscribed squares do not come close to the degenerate quadrilaterals during the deformation; that is, they do not shrink to a point. Thus the nondegenerate part of all preimages f −1 γt (V ) forms a 1-manifold that connects the solution sets for γ and the ellipse, and since 1-manifolds always have an even number of boundary points, the parities of the number of inscribed squares on γ and on the ellipse coincide.
Thus, any smooth curve inscribes generically an odd number of squares. Here we have swept technical arguments concerning transversality under the rug, which we hope is appreciated by the reader. Figure 3 . The bordism between the solution sets for γ γ γ and the ellipse. To simplify the figure we already modded out the symmetry group of the square and omitted the degenerate components. Figure 4 . Example of a piece of a locally monotone curve. Note that Figure 1 is not locally monotone because of the spiral.
For general curves, it is difficult to separate the degenerate quadrilaterals in f −1 (V ) from the squares we are interested in. This is the basic reason why the Square Peg Problem could not be solved completely with the current methods.
Stromquist's Criterion
Stromquist's class of curves for which he proved the Square Peg Problem is very beautiful, and it is the second strongest one: A curve γ : S In his proof Stromquist also considers the set of inscribed rhombi first.
Fenn's Table Theorem
A beautiful proof for convex curves is due to Fenn [9] . It follows as an immediate corollary from his table theorem. 
Theorem 3 (Fenn

An Open and Dense Criterion
In [26] the Square Peg Problem was proved for the so far weakest smoothness condition. 
Assume that there is 0 < ε < 2π such that γ contains no (or generically an even number of) special trapezoids of size ε. Then γ inscribes a square.
Here an inscribed special trapezoid is a 4-tuple of pairwise distinct points x 1 , . . . , x 4 ∈ S 1 lying clockwise on S 1 such that the points P i := γ(x i ) satisfy
The size of this special trapezoid is defined as the length of the clockwise arc in S 1 from x 1 to x 4 . The set of curves without inscribed special trapezoids of a fixed size ε is open and dense in the space of embeddings S 1 X with respect to the compact-open topology. This theorem is basically the exact criterion that one obtains by applying equivariant obstruction theory to the test-map (1). Vrećica and Živaljević [40] are the first to apply obstruction theory to the Square Peg Problem, and they proved it for Stromquist's class of locally monotone curves.
An Explicit Open Criterion
All previous criteria on curves for which the Square Peg Problem was proved are defined by local smoothness conditions. The following criterion from [26] is a global one which yields an open set of not necessarily injective curves in C 0 (S 1 , R
2 ) with respect to the C 0 -topology or, equivalently, the compact-open topology. It is open whether the outer radius 1 + √ 2 of A can be increased by some small ε > 0.
The proof idea is very simple: If the annulus A is thin enough, then the set of squares with all vertices in A splits into two connected components: big squares and small squares. A generic curve that represents a generator of π 1 (A) inscribes an odd number of big squares (and an even number of small squares).
Related Problems
The Number of Inscribed Squares Popvassilev [34] constructed for any n ≥ 1 a smooth convex curve that has exactly n inscribed squares, every square being counted exactly once and not with multiplicity. All but one of the n squares in his construction are nongeneric. They will disappear immediately after deforming the curve by a suitable C ∞ -isotopy. In [26] this author gave the parity of the number of squares on generic smooth immersed curves in the plane, which depends not only on the isotopy type of the immersion but also on the intersection angles.
Van Heijst proves in his upcoming master's thesis [15] that any real algebraic curve in R 2 of degree d inscribes either at most (d 4 − 5d 2 + 4d)/4 or infinitely many squares. For this he makes use of Bernstein's theorem, which states that the number of common zeros in (C * ) k of k generic Laurent polynomials in k variables with prescribed Newton polytopes equals the mixed volume of these polytopes.
Inscribed Triangles
It is not hard to show that any smooth embedding γ : S 1 → R 2 inscribes arbitrary triangles, even if we prescribe where one of the vertices has to sit. Moreover, the set of all such inscribed triangles determines a homology class α ∈ H 1 (P 3 , Z) = Z, where P 3 is the set of 3-tuples of points on γ that lie counterclockwise on the curve. The class
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Inscribed Rectangles
Instead of squares one may ask whether any embedded circle in the plane inscribes a rectangle. If one does not prescribe the aspect ratio, then the answer is affirmative. This conjecture is highly interesting, since the standard topological approach does not yield a proof : The equivariant homology class of the solution set, a Z-valued smooth isotopy invariant of the curve, turns out to be zero. For example, an ellipse inscribes a positive and a negative rectangle. Stronger topological tools fail as well. It seems again that more geometric ideas are needed.
Equivalently we could state Conjecture 8 for all piecewise linear curves. Proofs exist only for the case r = 1, which is the smooth Square Peg Problem, for arbitrary r in case the curve is close to an ellipse, see Makeev [23] and Conjecture 9 below; and for r = √ 3 in case the curve is close to convex, see [26] .
A proof for the Rectangular Peg Problem was claimed by Griffiths [10] , but it contains errors regarding the orientations. Essentially, he calculated that the number of inscribed rectangles of the given aspect ratio counted with appropriate signs and modulo symmetry is 2. However, zero is correct.
Other Inscribed Quadrilaterals
It is natural to ask what other quadrilaterals can be inscribed into closed curves in the plane. Since the unit circle is a curve, those quadrilaterals must be circular; that is, they must have a circumcircle.
Depending on the class of curves that we look at, the following two conjectures seem reasonable. Makeev [23] proved a first instance of this conjecture, namely, for the case of star-shaped C 2 -curves that intersect every circle in at most 4 points.
Furthermore, Karasev [20] proved that, for any smooth curve and a given Q = ABCD, either this conjecture holds or one can find two inscribed triangles similar to ABC such that the two corresponding fourth vertices D coincide (but D may not lie on γ). The proof idea is a beautiful geometric volume argument. It should be stressed that most open problems discussed here are geometric problems rather than topological ones: We understand the basic algebraic topology here quite well but not the restrictions on the topology that the geometry dictates. New geometric ideas such as Karasev's are needed. The reason for restricting the latter conjecture to isosceles trapezoids, that is, trapezoids with circumcircle, is that all other circular quadrilaterals cannot be inscribed into very thin triangles. This was observed by Pak [32] .
Other Inscribed Polygons
For any n-gon P with n ≥ 5 it is easy to find many curves that do not inscribe P . If we do not require all vertices to lie on γ, then Makeev has some results for circular pentagons; see [25] .
Alternatively, we can relax the angle conditions; that is, we require only that the edge ratios are the same as the ones in a given polygon P . Then as for the triangles above, one can show that the set of such n-gons represents the generator of H 1 (P n ; Z) = Z, where P n is the set of n-tuples of points on γ that lie counterclockwise on the curve; see Meyerson [27] , Wu [41] , Makeev [25] , and Vrećica-Živaljević [40] .
Higher Dimensions
In higher dimensions one may ask whether any (n − 1)-sphere that is smoothly embedded in R n inscribes an n-cube in the sense that all vertices of the cube lie on the sphere. However, most smooth embeddings S n−1 R n do not inscribe an n-cube for n ≥ 3, in the sense that these embeddings form an open and dense subset of all smooth embeddings in the compact-open topology, a heuristic reason being that the number of equations to fulfill is larger than the degrees of freedom. An explicit example is the boundaries of very thin simplices, as was noted by Kakutani [17] for n = 3. Hausel-Makai-Szűcs [13] proved that the boundary of any centrally symmetric convex body in R 3 inscribes a 3-cube. If we do not want to require further symmetry on the embedding S n−1 R n , then crosspolytopes are more suitable higher analogs of squares: The regular n-dimensional crosspolytope is the convex hull of {±e i } where e i are the standard basis vectors in R n .
Theorem 11 (Makeev, Karasev) . Let n be an odd prime power. Then every smooth embedding Γ : S n−1 → R n contains the vertices of a regular ndimensional crosspolytope.
The n = 3 case was posed as Problem 11.5 in Klee and Wagon [21] . This was answered affirmatively by Makeev [24] . Karasev [19] generalized the proof to arbitrary odd prime powers. Akopyan and Karasev [1] proved the same theorem for n = 3 in case Γ is the boundary of a simple polytope by a careful and nontrivial limit argument from the smooth case.
Gromov [11] proved a similar theorem for inscribed simplices. So far this result has been proven only when x 1 , . . . , x 4 lie on a great circle (see Dyson [5] ), since this is the only case in which the generic number of solutions is odd. The critical points of h can be thought of as the spots on which you can put an infinitesimally small table.
